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METHOD FOR THE SOLUTION
OF THE GENERAL BOUNDARY VALUE PROBLEM
OF PROPAGATION OF LONG AND ULTRALONG RADIOWAVES
AROUND THE EARTH

(*)
Doklady A.N. SSSR, by P. E. Krasnushkin
Matematucheskaya Fizika
‘Tom 171, No.l, 61 ~ 64
Izd-vo "NAUKA", 1968.
SUMMARY

The method consists in the consideration of these waves in a boundless
medium subdivided into three regions, the Earth, atmosphere and ionosphere.
The solution of the boundary value problem is sought by using the method of
connected lines. In this work the author refers to a number of his previous
works on the subject of long and ultralong radiowaves, alongside with some
earlier foreign works.

1. The basic traits of the waves considered are contained in the follow-
ing boundary value problem. Let us consider a boundless medium, described by
Maxwelljan equations in spherical coordinates r, 8, ¢ with dielectric constant
tensor €((0, ¢, r) and subdivided into three regions:

1) The Earth, 0 < r < a(®, ¢), where € degenerates into scalar €(6, ¢, r) =
=¢g' 4+ ie", " # 0; .

2) the atmosphere, a(6, ¢) < rl< c(9, 9), where € = 1 and

3) the ionosphere, c¢(8, ¢) < r < ®, where € is arbitrary, but as r > «
€ + ¥ = const. ' ‘

We seek in this boundless region the amplitudes E(M) and E(M) of electro-
magnetic fields induced by Hertz dipole P§(8, r - b) exp (-iwt) (& being a
delta-function). For the same of simplicity of the expose we consider ¢ as in-
dependent of ¢ and equal to g0, ¢ = $; ?), where ¢ = $ = const is a plane

(*) METOD RESHENIYA OBSHCHEY. KRAYEVOY ZADACHI RASPROSTRANENIYA DLINNYKH
I SEVRKHDLINNYKH RADIOVOLN VOKRUG ZEMLI



passing through the polar axis and observation point M. Then, introducing

the potentials A(B, r) and B(8, r), linked with Hy = 3B/r 36 and E4 = dA/ r 36
and their derivatives with respect to 6, C = 3B/36 and D = 3A /36, we shall
write the boundary value problem in the form

_a?_ .]?—_Ll,o-ﬁ:fé(e,r‘;b)’ (l)
where B(G r) is a single-column matrix w1th elements B, A, C, D, by which
all the components are expressed of fields' ® and H amplltudes, designated

below as vector-function; L 9 1is the diffecc.tiel operator, represented by -
a4 4—matr1x[wnﬂ where

hy=lp=1ly = lzn ==l =0; ly=lu=1;

A [ 8 [ &y s |. kA2 [ g .
by = — €g0 [ET(A ar )+"‘ ]' lop = — g crLa |’
. o [ € €0 _ikre* |
_l"’:’ T T [—67( o )+ TA 8r +Ctg0 J Io = ggp 2)
o 7 ikr® 8 a . a2 o7 .
l,ﬂ——'—A' ‘0»7'1 142 r‘[d" 'i—k"E'],
ikre
l4a=—A' c 5 ly=—ctgl
A = €0t — 0810, € == &0 -+ (eqoe™ + £er8™") [ 4
8" = £rgE0r — E0gtr; € == €/0E0¢ — E60Ery; 3)
g* == —&¢rEr0 - Egotr; €T = Eo,E¢o — E00Eqr

at continuity conditions of B on the interfaces of regions r = a and r = ¢
and and limitation as r - 0, r >, 8 > 0, 6 > 7..

Eq.(1) is approximate, for in it the integral is dropped, under the sign
of which stand the products of elements B by the derivatives of componentsof &
with respect to O.

2. Method of Connected Lines. We seek the solution of (1) in the form

B = 2)Yi(r) - b: (0), (4)

where bk is a vector-function with elements bk, ags Cys dyx, and Yk is a vector-
function with elements Yy, Z,, U, Vk, which is the eigenfunction of operator
Lyg, obtained from L,g, by "freezing" with respect to 6 of coefficients in

ls;:ll;; © enters into Lyg as a parameter. Yi are determined from the equation

(Yn, Yr*) = Onrs under conditions [5.Y = A} (5)

A(6) are eigenvalues of L,.g; they lie in the 2nd and 4th quadrants of plane A.
We shall number them in order of modulus increase, respectively k = 1, 2,...
and k =-1, -2, ... Parentheses in (5) denote the scalar products, while the
star denotes the eigenfunctions of the conjugate operator. Let us introduce
Lg into (1): ’

P . -
"a'?,—°B-—-Lrb‘-B-¥—-[LrTJ““LrO]'B=P(5(G,I'-—b). (6)

Substituting (4) into (6), multiplying scalarly by ?r*, and taking into



account (5), we shall obtain a system of equations of connected lines [1],
integrated by means of a computer:

5 ¢ be— v @by /[sg-’;‘"’(o)u-b,=1)ka(0); A = - vy )

r=-00 [:

S re 4 X _4-matrices of complex numbers, formed from scalar products
ji 3

[Lm-—%Lw].Yh by Yk*. If the spectrum of L, 5 has a continuous part, then still
another integral over v enters into (7). For small S, 3i and Vp = Vr, 1. e. at
range from spatial resonance cones [12], neglecting Sil’ we shall obtain a solu-
tion in the form of a sum of modulated normal waves (%)

+oo
B exp(—iot) = D} CiYy(r,0)exp[—i (ot —§ vid0)]. 4"

k=-c0

In (7), Sji account for the interaction of normal waves over portions of
the course where € depends on 0, for example in the sunrise and sunset band,
and also on account of inhomogeneity of space metrics in spherical coordinates.
It should be noted that when the Earth's magnetic field Hy is not vertical,
when €gy and €ry are not zero, vkaé-—v_g and this is why the principle of
interaction is gisrupted as waves propagate along 6. (refer to [11]).

. .
- e ——
- .

3. 1In order to find the wave numbers vy, it is convenient to exclude C
and D from (1) and pass to equations of connected lines containing derivati-
ves of 2nd order with respect to 8. Then (5) passes into the following bound-
ary value problem on parameter v eigenvalues:

Y,” 4 ¥, 4 bY 4 ¢Z/ + ¥Z = 0;
(5"
er,,- -+ ¢Z + fY, + QY =0,

where the prime denotes the derivative with respect to r;

A e, (e, - 2,9) sz[ _ fa g, ir{ € , 1.
a:a_"[( )+k———A S] b="2|1— 2 fk(rA)rSJ,

- =’ A k2g**
the’ , a:ik(%—)re—"4 = Se—/&(e—S),

err
ike* Kzt

v
t=—73 ¢g=x+73 5  S=4-

*) The normal waves [1 - 4, 11] are also called free, proper (eigen),
and in english they are called ''residue waves and modes [5 - 7], which is not
properly translated as "modes"



It is necessary to find v, assuring a nonzero solution of (5') at con-
ditions of limitation IYl and IZI as r > 0 and r > », It is practical to re-
solve (5') on a computer by the "drive through" method of conditions as r - 0
and r+ « toward a certain point r = ¥, where Y, Z, Yy' and Zy' must be conti-
nuous. Such a method is equivalent to the more economical "drive through' and
joining of impedances ,zl of the surface T = const for regions (¥,») and (T¥,0),
denoted by |z(F + 0 |and |z(F — 0)| and determinable by the expressions

Eo= 21" (F == 0) Ho +'_Zgz‘;(l_' H0)Hy; Ey = 25 (7 %= 0) H, + 2 (F =+ 0)Ho;

Izl are expressed by Y, Y,', Z and Z,.'. The joining equation of lz[ will be:

sor ME+0) =2, (F—0) 2}, 40—zl (F —0)
2y (r+0)—z3, (r—0) 23, (r + 0) — 23, (r —0) =0.

(8)

Its roots will be vg. Let us choose for T the surface ¥ = ¢. In order to
find IzI from (5') let us introduce the impedance functions u, k; Y = exp Su dr;
Z = KY; substituting them into (5), we obtain

w4+ u? 4 au L b-Foe(s b ux) by =0,
e A 2un,” 4w 4 un - en f fu - g = 0.

9)

For the .computation of lz\) (c + 0)| we shall integrate (9) on the computer
from r, to r = ¢, where r_>-c is chosen in a region in which € is practically
constant. The initjial values of u(rew) will be obtained from Eq.(9) at up' = k' =
= Kr" = 0: .

ut 48 (4 B o) (F— g — BT) e+ (cb—Bg) = O, (10)

passing to the Booker equation [8] as r + «, provided the link of € with plasma
parameters is determined from the Lorentz equation [formula (1) from [11]].
From the four roots of (10) we shall select u® (rm) and u®(r,), corresponding

to ordinary and extraordinary waves escaping to + ®. The initial k(r ) for
these u will be found from the formula %= —(§-f&z)/ (f 4 w?). Integrating (9)
from r = r» toward the side of r decrease, i. e. toward traveling waves, implies
a continuous transformation of impedances of type-0 and -e waves

Zzo (r) _ '_}_L;_o_ =—z— [%:I ueo (r) NN, (r) iSOrS] ’
e

- u 1 x:e.o‘! o Ecp ) (11)

€,0 8 ___ 1 0 [y r . €0 (1) == -2 = %&O0 ()
Z;_ (") = Ev == | ik [uc (I) + X , X (’) IIQ ()

from adiabatic values at r = r, to values at the surface r = r. These impedan-

ces are linked with the earlier introduced impedances zjx of the surface r =

by the expressions A ' i ‘

= (B —Z0) 18 = (XZoZ — XZOZS) [ 6,

Zoy = (Xe — X0 [8, 2= (X°— X°)Z:Z,° [ 8, (12)

where § = X°Z, — X°Z,°. Having carried integration to the point r = ¢, we shall
obtain the impedances of zjk(c + 0) according to formulas (11) and (12).
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The impedances z;; (¢ + 0) are found in two stages. At first for two values

u® ¢(ro), %™ ¢(ro), “where n<<a, corresponding to waves traveling toward the cen-
ter of the Earth, we integrate (9) from r = ry, to the surface of the Earth,

r = a, and we find analogously to the case of the ionosphere

zn(a—0) = Z,f=27,° and z-'(a —0) = Z.f = Z,°.

Because of Earth's isotropy zu(a—0) = zm(a—0) — 0. The transformation of im-
pendances on the following segment (a, c¢) is performed analytically by formulas

D, (@, ¢) —izly(a—0) D, (a, ¢) D a,7)
Dv ((.l" c)_izI;: (a'—‘O)Dv ((l,()) j) (ll C)

[ZI.; (C - 0) =

) (13)
D, (a,c)— iz_‘,fl (a—0) D (a, ¢) - 1)‘, (a, c)

D, (a,c) —izl (a —O)D, (a',¢) D, (a.c)

iz (c—0) =

where Dv(a,c) are two-argument functions from from products of modified Hankel
functions A(3(%a) & R{Ee) [2 - 4]; z11V(c - 0) and z,,v(c - 0) are zero. Sub-
stituting (ll), (12), (13) into (8), we obtain the final equatlon for the deter-
mination of wave numbers of normal waves

(B, @) — ize D, (@ o)l (D, (@, &) -+ iZ2 D, (a, 6] —
— (Xe/Xo) (D (@, &) — iZ3 D, (@ ) (D, (a, €) + 23 D, (@, )] == 0. (14)

Concomittantly with (9) and (11), Eq.(14) was utilized in [2, 3] for the
case of vertical'ﬁ0 , when (10) becomes biquadratic. The values of @ and ¥ for
such case are given by formulas (2.40) - (2.41) of [3]. If the ionosphere is
uniform, that is, if Ng = 0, for r < ¢ and No = Ne,r > ¢, there is no necessi-
ty to integrate (9), for the impedances are obtainable directly from (11)

o . _ -
Z5° (0) = %[ T Ut g*ueo ey, S] 3 270 = — l.—ik-uem; Xew= o (15)

i

With these impedances Eq. (14) was utlllzed in the work [4] dor the case
of vertical magnetic field of the Earth, when ®gp = 0, e¢* = —¢ €rr, A = €gprr.
U€:0 and K™€.0 are determined in this case from the biquadratic Eq. (10) accord-
ing to formulas (2. 40 2.41) of the work [3]. In the vicinity of v = ka and
v = ke functions K and hY' in (14) were approximated by Eyri functions:

@) =€) L=—mlv—2); n= 17272 (16)

by the "comparison method" of [9]. In the first of works [4], wher manual cal-
culation was applied, we utilized the .ables of functions hj, () [10] with 8
significant numerals for the complex argument Z in the circle l;[ £ 6. In

[2, 3] for the computations of h, 12 (¢) series were applied, that were available
in preface to [10].



Introducing yi and Yk into (4'), we obtain I (one) approximation of
the solution of the boundary value problem. The solution of (7), taking
into account the terms Sji will give II approximation. To make more precise
the interaction of normal waves, we should take into account the integral
terms, dropped in (7).
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